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Abstract
The time-dependent behavior of glass transition can be exploited to achieve shape-memory behavior in amorphous
polymers. Modeling the shape-memory effect in polymers requires considering the viscoelastic behavior, structural
evolution in response to external stimuli, such as temperature, stress, solvent. Furthermore, the broad spectrum of stress
and structural relaxation times are needed to accurately predict the rate-dependent recovery response. In this paper, we
review our efforts to develop constitutive models for the glass transition behavior of amorphous polymers to predict the
shape-memory behavior under a variety of thermomechanical conditions.
c© 2013 Published by Elsevier Ltd.
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1. Introduction
The shape-memory behavior of amorphous polymers arise from the tremendous change in the molecular
mobility of the polymer chains through the glass transition. The permanent shape is ”memorized” by the
equilibrium conﬁguration of the network of cross-links, which can be permanent chemical cross-links or per-
sistent physical cross-links. The change in the mobility through the glass transition allows for a programmed
deformation to be stored in a nonequilibrium conﬁguration and the permanent shape recovered upon heating
to achieve the equilibrium unloaded conﬁguration. Alternatively, shape recovery can be achieved through
the plasticization effect of solvent molecules[1]. A number of groups have advanced an approach for mod-
eling the shape memory behavior of amorphous polymers by modeling the glass transition phenomena
[2, 3, 4, 5, 6]. Recent developments have presented generalized three dimensional and ﬁnite deformation
constitutive models that can be implemented for ﬁnite element analysis simulation of the complex geome-
try and thermomechanical programming and recovery conditions of shape memory polymer structures and
devices. The paper presents a review of the the themomechanical models developed by our group for the
shape memory response of amorphous networks [3, 7, 8, 9, 10]. The models characteristically describe the
time-dependent stress relaxation and structural relaxation behavior of the glass transition as the underlying
shape memory mechanism, and employ a discrete spectrum of stress and structural relaxation processes to
predict realistic response times. The constitutive models for the relaxation times adopt the Adam and Gibbs
[11] conﬁgurational entropy theory to describe the dependence on temperature, nonequilibrium structure,
and solvent concentration. Section 2 presents the major assumptions of the modeling approach and main
constitutive relationships. Section 3 describes applications of the models to study the effect of deformation
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temperature [12, 13, 8], physical aging [14, 9] and solvent absorption [6] on the shape-memory behavior, as
well as the mechanism of multiple shape-memory effects [15].
2. Model
The development of constitutive theory for modeling glass transition behavior of amorphous networks
have been described in detail in Xiao et al. [8] and Xiao and Nguyen [6]. Here we brieﬂy summarize the
main assumptions and constitutive relations of the model. For simplicity, the following presentation does
not describe the effect of thermal and swelling strain caused by temperature change and solvent absorption,
though the former appears in the original model formulations [3, 8].
To describe viscoelasticity, the deformation gradient is multiplicatively decomposed into parallel elastic
and viscous parts as: F = Fei Fvi , i = 1 : N, each representing a discrete relaxation process. The total and
elastic left Cauchy-Green deformation tensor is deﬁned as b=FFT and bei =Fei FeTi . To describe the inherent
difference in the time-dependent behavior of the volumetric and deviatoric response, the deformation tensors
are also split into a distortional and volumetric part as: b = J−2/3b and bei = Je−2/3bei , where J = det(F)
and Jei = det(Fei ) are the total and elastic part of the volumetric stretch ratio.
The stress σ response can be written as a sum of an equilibrium (time-independent) hyperelastic dis-
tortional component, N time-dependent nonequilibrium components that describe stress relaxation, and a
time-independent volumetric component:
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denotes the effective chain stretch of the Arruda-Boyce [16] network model. The
following nonlinear evolution equation [17] is adopted for internal viscoelastic variable bei ,
−1
2
Lvbei b
e-1
i =
sneqi
2υi
, (2)
where υi is the shear viscosity of the ith stress relaxation process.
To describe structural relaxation, we introduced a set of internal variables, Tfi , to describe the nonequi-
librium structure associated with each discrete relaxation process. The ﬁctive temperatures evolve towards
the equilibrium temperature T according to a nonlinear ﬁrst order kinetic relation proposed initially by Tool
[18],
T˙fi =−
Tfi −T
τi
, (3)
where τi is structural relaxation time. Both the structural relaxation times and shear viscosities can generally
depend on temperature and structure through the ﬁctive temperature of the polymer network Tf , deﬁned as
Tf = ∑Pi φiTfi , where φi represents the weighting factor of each individual structural relaxation process on
the network response [19].
A central task of modeling glass transition is describing the dependence of the viscosities and struc-
tural relaxation times on the internal and state variables. Xiao and Nguyen [6] extended the Adam-Gibbs
conﬁguration entropy theory [11] to develop the following form for the dependence on temperature, ﬁctive
temperature, the solvent number concentration θ ,
a
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The structural relaxation time and viscosity can be represented through this shift factor as,
τi(T,Tf ,θ) = τ
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where τgi and υ
g
i are the characteristic structural relaxation time and viscosity at Tg. The shear viscosity
additionally depends on the ﬂow stress s =
√
sneq : sneq through an Eyring-type stress-activation energy
[20] to describe the rate-dependent and temperature-dependent yield and viscoplastic ﬂow behavior of the
polymer below the glass transition temperature.
To incorporate the strain softening phenomena in the glassy state, the following phenomenological evo-
lution equation is adopted to describe the dynamic softening of the yield strength Boyce et al. [21],
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(
1− sy
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)
sy, sy (t = 0) = sy0 , (6)
where sy0 and syss are the initial and steady-state yield strength.
For the dry polymer system θ = 0, the shift factor can be written as [3],
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where Cg1 and C
g
2 are the WLF constants deﬁned at the Tg. Eq. (7) reduces to classic WLF relationship at
equilibrium, when T = Tf ,
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and the Arrhenius relationship in the nonequilibrium limit ,when Tf = Tg,
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3. Results
3.1. Thermally activated shape memory behaviors
Fig. 1 and 2 show the normalized recovered strain for acrylate based SMPs (Tg =38 oC) programmed
by uniaxial compression at 70 oC and 20 oC for various constraining stress comparing experiments and
modeling predictions. The experimental and simulation procedure were described in detail in Xiao et al.
[8]. Comparisons between experiments and simulations showed that the model reproduced the main char-
acteristics of the partially-constrained recovery performances, which included the ﬁnal strain magnitude,
the temperature region for strain recovery and the overshoot in the recovered strain as shown in Fig. 2 for
specimens programmed below Tg at 20◦C. For the specimens programmed below Tg, the recovery strain in-
creased initially above the equilibrium value determined by the constraining stress and equilibrium modulus.
The overshoot of the equilibrium response is a memory effect intrinsic to materials with a broad relaxation
spectrum [22, 19]. We performed a parametric study of the effects of various thermomechanical properties
on the key features of the partially-constrained shape recovery performance. The parameter study results
indicated viscoelastic relaxation spectrum had the most inﬂuence on the strain recovery overshoot. The peak
in the strain-temperature response decreased for narrower distributions of relaxation times, and disappeared
altogether for a single exponential model of the relaxation process.
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Fig. 1. The normalized recovered strain at different constraining stress for 20wt% materials programmed at 70 oC comparing (a)
experiment and (b) simulations. Reproduced from Xiao et al. [8]
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Fig. 2. The normalized recovered strain at different constraining stress for 20wt% materials programmed at 20 oC comparing (a)
experiment and (b) simulations.Reproduced from Xiao et al. [8]
.
3.2. Physical aging effect
Fig. 3 compares experimental and simulation results for unstrained recovery response of SMPs (Tg =
36oC) without aging and after aging at 20 oC for different aging times [9]. The simulations showed good
agreement with the experimental ﬁndings, which showed that aging had a pronounced effect on the initial
recovery performance. Aging increased the initial recovery temperature around 7 oC for specimens aged for
180 days and also a faster initial recovery rate. The physical aging effect on shape-memory performance
is caused by structural relaxation. Fig. 4 plots the ﬁctive temperature evolution during heating process for
SMPs with different aging time. When aged, the nonequilibrium structure continuously evolves toward a
more sluggish equilibrium state represented by a lower ﬁctive temperature. This required a higher tempera-
ture to activate the structural rejuvenation. The start temperature of strain recovery and the temperature for
structural rejuvenation during heating were coincident, which showed that structural relaxation dominate
the activation of the shape-recovery response.
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Fig. 3. Strain recovery of 10wt% tBA-PEGDMA of different aging times. (a) 0 days (b) 14 days (c) 91 days (d) 180 days comparing
experimental data and model prediction. Reproduced from Choi et al. [9]
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Fig. 4. Fictive temperature evolution during heating process for specimens with different aging times
3.3. Solvent effect
Fig. 5 plots the uniaxial tension response of dry and saturated SMPs specimens, immersed in water,
at room temperature as described in Xiao and Nguyen [6]. The results showed good agreement between
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simulations and experiments for the plasticization effect of solvent molecules. The amorphous networks
exhibited the stiff glassy response with yield and strain softening below Tg. As the solvent diffuses into
the polymer matrix, the polymer exhibited more compliant rubbery response. Fig. 6 compares the ex-
periments and simulations of the isothermal recovery of programmed rectangular specimens immersed in
water. The specimens recovered to their original length around 8 hours for 25 oC and 4 hours for 30 oC.
The model can well represent the recovery behaviors of the rectangle specimens especially for 30 oC. For
25 oC specimens, the simulation showed a smaller recovery rate than the simulation. Figure 7 plots the
temperature-dependence of the structural relaxation time model for the dry and saturated specimens at a
constant heating rate. Introducing 2 % solvent dramatically decreased the relaxation time, and in particular,
by 4 orders of magnitude at the glass transition temperature of the dry specimen.
0 0.05 0.1 0.15 0.2 0.25 0.3
0
5
10
15
20
25
30
35
40
45
True Strain
Tr
ue
 S
tre
ss
(M
Pa
)
 
 
Dry exp
Dry simu
Saturated exp
Saturated simu
Fig. 5. The stress-strain response for dry and saturated specimens at room temperature. Reproduced from Xiao and Nguyen [6]
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Fig. 6. The experimental and simulation results for recovery of tension specimens in water. Reproduced from Xiao and Nguyen [6]
3.4. Multiple shape memory behaviors
We applied the modeling framework to study the multiple shape-memory effect of commercial mate-
rial, Dupont Naﬁon R© PFSA membrane (equavililent molecular weight 1100). We ﬁrst simplify the model
for the stress relaxation times by assuming the viscosity depends only on the temperature, υi = υgi aT (T )
where aT (T ) is shown in eq. (8). This equation together with eq. (1) and (2) completes the constitutive
relationships. Fig. 8(a) plots μneqi as a function of the stress relaxation time τ
g
Si = υ
g
i /μ
neq
i , showing the
viscoelastic spectrum, which is obtained through time-temperature stress relaxation tests. Naﬁon exhibited
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Fig. 8. (a) Discrete stress relaxation spectrum and (b)Multiple shape-memory recovery
a signiﬁcantly larger spectrum of relaxation times, spanning 1024s, compared to the acrylate SMP networks
used in previous studies, which typically exhibit a 108s span in the spectrum of relaxation times.
A multi-step recovery process was designed to achieve the multiple shape-memory effect as described
by Xie et al. [15]. The specimen was stretched to 80% engineering strain at 155 oC and cooled down to 40
oC at at a rate of 3oC /min. In recovery process, the specimen was stepped heated in discrete increments
from 40 oC to 100 oC, then 120 oC,140 oC and 160 oC at 3oC /min. The specimen is held for 20 minutes
at each temperature. Figure 8(b) plots the temperature and strain recovery as a function of time comparing
experiments and simulation. The simulation demonstrated the multi-shape recovery effect and general good
agreement with experimental measurements of recovered strain. This demonstrated that multiple shape-
recovery at discrete temperatures for an amorphous polymer is a manifestation of a very broad relaxation
spectrum with slow relaxation times. The distribution of relaxation times exceeded laboratory time scales,
which allowed the material to attain quasi-stable nonequilibrium conditions at each test temperature.
4. Conclusions
We have developed a series of physically based constitutive models for the glass transition behavior
of amorphous shape-memory polymers and applied the models to describe the shape memory effect under
a variety of temperature, mechanical, and solvent conditions. The models can be adopted to study the
thermally-activated and solvent-induced shape-memory effect. We are currently incorporating the effect of
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chain orientation to describe the strain hardening behavior below Tg. We are also developing a fully coupled
nonequilibrium thermodynamic framework to unify the various models and to incorporate the effect of
mechanical rejuvenation of amorphous networks by large viscoplastic deformation below Tg.
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